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Abstract 

Let Nt be a standard compensated Poisson process on [0, 1]. We prove a new characterization 
of anticipating integrals of the Skorohod type with respect to N, and use it to obtain several 
counterparts to well established properties of semimartingale stochastic integrals. In particular 
we show that, if the integrand is sufficiently regular, anticipating Skorohod integral processes 
with respect to N admit a pointwise representation as usual Ito integrals in an independently 
enlarged filtration. We apply such a result to: (i) characterize Skorohod integral processes 
in terms of products of backward and forward Poisson martingales, (ii) develop a new Ito- 
type calculus for anticipating integrals on the Poisson space, and (iii) write Burkholder-type 
inequalities for Skorohod integrals. 

Key words: Poisson processes; Malliavin Calculus; Skorohod integrals; Ito formula; Burkholder 
inequalities. 
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1 Introduction 

Let N t be a standard compensated Poisson process on [0, 1]. The aim of this paper is to prove a new 
characterization of anticipating integrals (of the Skorohod type) with respect to N, and to apply 
such a result to investigate the relations between anticipating integrals and Poissonian martingales. 

The anticipating Skorohod integral has been first introduced in in the context of Gaus- 
sian processes. It is well known that the notion of Skorohod integral can be naturally extended to 
the family of normal martingales, that is, martingales having a conditional quadratic variation equal 
to t (among which there are the Wiener process and the compensated Poisson process) . In this case, 
the Skorohod integral is an extension of the classical (semimartingale) Ito integral to a wider family 
of non-adapted integrands, and therefore coincides with the latter on the class of (square integrable) 
adapted processes. See, for instance, ^Uj; we also refer to ^2] f° r an exhaustive presentation of 
results, techniques and applications of the anticipating stochastic calculus in the Gaussian context. 
In this paper, we try to deal with some of the disadvantages of the Skorohod calculus, in the specific 
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case of the compensated Poisson process, and from the standpoint of the classic semimartingale 
theory. 

To better understand our motivations, consider a Skorohod integral process (see |10| for the 
precise setup) with the form 

X t = [ u s SZ s t e [0, 1] (1) 
Jo 

where Z is a normal martingale and itlmt] belongs to the domain of the Skorohod integral 5, Vt. 
Then, in general, if the integrand u is not adapted to the natural filtration of Z, the process X is 
not a semimartingale, and the study of X cannot be carried out by means of the usual Ito theory 
(as presented for instance in [S]). Actually, the techniques employed to deal with processes such 
as X mostly stem from functional analysis, and they do not allow, e.g., to obtain fine trajectorial 
properties. However, when Z = W, where W stands for a standard Wiener process, the authors of 
the present paper have pointed out several remarkable connections between processes such as X in 
{Q and Wiener martingales. In particular, the following results (among others) have been obtained 
when Z — W: 

i) the class of Skorohod integral processes with sufficiently regular integrands coincides with a special 

family of Ito integrals, called ltd- Skorohod integrals (see 

ii) a Skorohod integral process X such as Q can be approximated, in a certain norm, by linear 

combinations of processes with the form M t x M[, where M t is (centered) Wiener martingale 
and M[ is a backward Wiener martingale (see |18j). 

These facts lead in a natural way to explore the anticipating integrals in the context of a 
standard Poisson process. It is known that a Skorohod type integration can be developed on the 
Poisson space by using the Fock space structure, and that such integrals enjoy a number of useful 
properties, in part analogous to the ones displayed by Skorohod operators on Wiener space. We refer 
e.g. to 53], PB], [jj], [H], (20], [2B or JOj for different aspects of this calculus. Here, we shall provide 
Poissonian counterparts to several results given in [2H] and JH|> as facts (i) and (ii) above, and we 
shall systematically point out the arguments that differ from those given in the Wiener context. 
We remark that some of our results are of particular interest in the Poisson case. For example, 
our methods allow to obtain an Ito-type formula for anticipating integrals, and - as far as we know 
- this is the only anticipating change of variables formula for the Poisson situation (we could not 
find, for instance, an Ito-type formula proved in the spirit of ^Hj). We note that the fact that the 
increments of the Poisson process are independent plays a crucial role in our construction; therefore 
the extension of the results to a more general normal martingale seems difficult. 

The paper is organized as follows. The first part of Section 2 contains some preliminaries 
on the Malliavin calculus with respect to the Poisson process, whereas the second part displays 
a discussion about Ito stochastic integrals, tr-fields and (independently enlarged) nitrations on the 
Poisson space; we shall note that most of the results given here are still valid on the Wiener space. In 
Section 3, we show that every anticipating (Poisson) integral coincides pointwise with a special type 
of Ito integral and (as in [T^]) we apply this relation to approximate Skorohod integral processes by 
linear combinations of processes that are a product of forward and backward martingales. Finally, 
in Section 4 we develop a new stochastic calculus of the Ito type for anticipating Poisson integrals. 
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2 Preliminaries: Malliavin calculus and filtrations 



2.1 Malliavin calculus for the Poisson process 

Throughout the paper, we use notation and terminology from standard semimartingale theory. The 
reader is referred e.g. to [S], 0] or [23] for any unexplained notion. 

Let T — [0, 1] and let N = (Nt)teT be a standard Poisson process, defined on the standard 
Poisson space (fi,F,P) (see e.g. By N we will denote the compensated Poisson process 

N t — Nt—t. For every Borel set B, we will note N (B) and N (B), respectively, the random measures 
J2 s eB and N (B) — A (B), where AN S = N s — N s - and A stands for Lebesgue measure on T. 
It is well known (see e.g. 0] or JUj) that the process t i— » Nt is a normal martingale, that is, Nt 
is a cadlag martingale initialized at zero, such that its conditional quadratic variation process (or 
angle bracket process) is given by {N,N) t = (N)t = £• The quadratic variation process of N (or 
right bracket process) is of course [N, N] t = [N] t = N t (note that the results of our paper extend 
immediately to the case of a Poisson process on R + , with a deterministic intensity /i > 0) . It is also 
known (see again |10| and the references therein) that N enjoys the chaotic representation property, 
i.e. every random variable F 6 L 2 (£!,F, P) = L 2 (P), measurable with respect to the cr-algebra 
generated by N, can be written as an orthogonal sum of multiple Poisson-Ito stochastic integrals 

F = E(F) + J2Ufn) (2) 

n>l 

where the infinite series converges in L 2 (P), and, for n > 1, the kernel f n is an element of L 2 s (T n ) C 
L (T n ), where L 2 (T n ) and L 2 (T n ) denote, respectively, the space of symmetric and square integrable 
functions, and the space of square integrable functions on T n (endowed with Lebesgue measure). 

Let us recall the basic construction of the multiple Poisson-Ito integral on the Poisson space. 
Fix n > 2 and denote by S n and S n , respectively, the vector space generated by simple functions 
with the form 

/(tl,...,0 = lB 1 (tl)...lB n (*n), (3) 

where B±, . . . ,B n are disjoint subsets of K, and the vector space generated by the symmctrization 
of the clement of S n . If / is as in (3) and / G S„ is its symmctrization, we define /„(/) as 

I n (f)=N(B 1 )...N(B n ) (4) 

Since, for every n > 2, S n is dense in L 2 (T n ), the integral /„ can be extended to L 2 {T n ) by continuity, 
due to the isometry formula, true for every m, n > 2, / G S n and g S S m , 

E (ln(f)I m (g)) = n\(f,g) L2{T , } l (n=m) . (5) 

We also use the following conventional notation: L 2 (T) = L 2 (T 1 ) = L 2 (T 1 ); h (/) = j* f (s) dN s , 
f e L 2 (T); / is the symmetrization of /, V/ E L 2 (T«), n > 2; I n (/) = /„(/), / G L 2 (T n ), n > 2; 
L 2 (T°) = L 2 (T°) = 5 = So = K; I (c) = c, c G R. 
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Remark 1 As proved e.g. by Ogura in one can define multiple stochastic integrals on the 

Poisson space by using the Charlier-P oisson polynomials. More precisely, for n > 0, the nth Charlier- 
Poisson polynomial C n (t,x), (t,x) g [0,1] x R, is defined through the generating function (see for 
instance 

oo 

$(z, t,x) = Y^ z n C n (t, x) = (l + z) x+t exp(-zt). 

It is well known (see e.g. [71 Lemma 2]) that the Charlier polynomials are connected to the above 
defined Poisson-Ito multiple integrals by the following relation: for every Borel subset B C T 

C B (A(B),JV(B)) = i/ n (lf*(.)), (6) 
where n > 1, and A stands for Lebesgue measure. 

Now define, for n,m > 1, / g L 2 s (T m ), g g L 2 (T n ), r = 0, ...,mAn and I = l,...,r, the 
(contraction) kernel on T m+n ~ r ~ l 

f * r (Tl ? ■ ■ ■ i ^fr — l ) ^1 ) • • • 3 tm — r ) ^1 , . . . , S n _ r ) 

/(ui, . . . , U/,7i, . . . ,7 r _i,*i, . . . , t m -r)fl(«l, . . . ,Ui,7l, . . . ,7r-Z, Si, ... , s n - r )dui...dui, 

and, for Z = 0, 

/* r (71, . . . ,7r,*l, • • • , *m-n Si, ... , S„_ r ) = /(71, . . . ,7r,*l, • • • , t m -r)g(jl, ■ ■ ■ , Jr > «1 , • • • j Sn-r)j 

so that 

/*£ • ■ ■ ,im,si, . . . , s„) = f(h, . . .,t m )g(s 1 , s n ). 

We will need the following product formula for two Poisson-Ito multiple integrals (see |7J, [22], or 
[23): let / g L 2 s (T m ) and g g Lf(T"), ra,m > 1, and suppose moreover that /★{. g g z2( T m+n-r-J) 
for every r = 0, . . . , to A n and Z = 1 , . . . , r , then 

mAn / \ / \ r 

/ ro (/)/„(5) = E r! (7)(r)^ /ro+n - r -' (/ ^ 9) - (7) 

It is possible to develop a Malliavin-type calculus with respect to the Poisson process based 
on the (symmetric) Fock space isomorphism induced by formulae © and |J5}. We refer to ^1] or 
[TU| for the basic elements of this calculus. For a random variable F as in we introduce the 
annihilation (or derivative) operator as 

£> t f = £ nT„-i (/„(•,*)), i6T, (8) 

n>l 

and its domain, usually denoted by D 1,2 , is the set 

B 1 ' 2 = {F=J2 UU) ■■ E"" ! H/»lln < +°°} 

n>0 n 
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where || • ||„ is the norm in L 2 (T n ). The operator D is not a derivation (see |XUI p. 91]) and it 
satisfies (see ^] Lemma 6.1 and Theorem 6.2]) 

D{FG) = FDG + GDF + DFDG if F, G, FG £ B 1 ' 2 . (9) 



The Skorohod integral, or the creation operator, is defined by 

n>0 

whenever u t = J2 n>0 In(fn(-,t)), where u £ L 2 (T x fi), belongs to the domain of 5, noted Dom(S), 
that is, u verifies 

|| /„]]* +1 < +oo. 

n>0 

We introduce the subset L 1,2 of Dom (5) defined as 

L 1 ' 2 = {u t = ^2ln(fn(-,t)) : ^2(n+l)\\\f n \\l +1 < +oo}. (10) 

n n 

Note that L 1 ' 2 equals L 2 (T;D 1 - 2 ), when the for mer is endowed with the scminorm 

\\u\\ 2 12 = ~E [ u 2 s ds + ~E ( ( (D r u s ) 2 drds, 
Jo Jo Jo 

and moreover, for every u £ L 1,2 , one can verify the inequality 

mu? < \\u\\i 2 (ii) 

(see for instance formula (|13fl below). For any integer k > 2 the space O fe ' 2 denotes the set of k 
times weakly differentiable random variables, endowed with the seminoma 

fc 

||F|| 2 !2 = E||F|| 2 + \\D l F\\ 2 L2(Tlxn): F e D fe ' 2 , 
i=i 

where D 1 — D, and, for I > 2, the Zth Malliavin derivative D l is first defined by iteration on 
simple functionals, and then extended by a standard closure procedure. By L fe ' 2 we denote the set 
L 2 (T; B fe ' 2 ); note that, if u £ L 1,2 , then ul [0 ,t] £ Dom(S) for every t £ T (see QUI Lemma 4.6]). 
Occasionally, we will also use the notation 

l 

u s SN s — S (u) , u £ Dom (5) . 

We recall that, according e.g. to |ll)l Proposition 4.4], if u £ L 2 (T x U) is a predictable process 
with respect to the filtration generated by N, then u is Skorohod integrable and S (u) coincides with 
the usual ltd integral with respect to the cadlag martingale N. 

The following duality relationship between D and 6, which is classic in the Gaussian case, 
still holds on the Poisson space (see Proposition 4.2]) 



E 



f (D s Fu s )ds 
Jo 



E(S(u)F) if F £ D 1,2 and u £ Dom{5). (12) 
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and the covariance of two Skorohod integrals is given by 

E(6(u)S(v)) = E f u s v s ds + E [ [ D r u s D s v r drds (13) 
Jo Jo Jo 

whenever u, v G L 1 ' 2 (see |14l Thorem 4.1]). Eventually, we will need the commutativity relationship 
between D and S 

D t S(u) =u t + 5{D t u) if u G L 1 ' 2 and D t u G Dom{8) (14) 

(see ^] Thorem 4.1]), as well as the integration by parts formula, true whenever F e D 1,2 and 
DF x u G Dom (S) , 

<J(Ftt) = FS(u) - (DF, u) L 2 [T) - S(DFu) (15) 

(see [H Theorem 7.1]). 

2.2 (7-fields, filtrations and Ito stochastic integrals 

For any Borel set A C T, we use the notation 

cr jiV (/iIa) : h <E L 2 (T)X 



F. 



and also, for i e T, F t = ^[0,t] an d = F[ t ]c. Note that, in the following, we will tacitly complete 
each cr-field with the P-null sets of F, so that, for instance, {F t : t G T} is the completion of the 
natural filtration of the process N't- We also set F = F^. The independence of the Poisson increments 
implies the following relations (see again J3]): for every n > 1, every / G L 2 (T n ) and every Borel 
subset A of T, 

E(7 n (/)|F A )=7 n (/lf"),a.s.-P, (16) 

and, a.s.- P, 

D t E(F | F.4) = E(D t F \ ¥ A )l A {t), t e T. (17) 

An immediate consequence of (|17H is that, if F G D 1,2 is a F^-measurable random variable, then 
DF = on A c x Vt. Moreover, if we denote by X the Skorohod integral process 

X t = f u s SN s = 6(ul m ), teT,ue L 1 - 2 , 
Jo 

then the process X satisfies (see Lemma 3.2.1 in |12|1 

E (X t - X s | F [Sit] c) = for every s<t. (18) 

In the anticipating calculus, relation l|18fl plays roughly the same role as does, in the usual Ito 
calculus, the martingale characterization of adapted stochastic integrals. 

Now fix t G (0,1]. In the sequel, we will use the properties of the following (enlarged) 
filtration 

F ( .,f]c = {F (M] c :se [0,*]} ={F s VF tc : s e [0,i]}. (19) 
Note that, since N has cadlag paths, $f a ,t] e = ^(s,t) c f° r every s G [0,t], and also 

F[ s ,{]= = \/ F( s _ £i t]o. (20) 

£>0 



6 



It is also easily checked that the filtration F(. ^ c satisfies the usual conditions. We can therefore 
define, for every t G (0, 1], ^ p,t > (•) to be the predictable projection operator with respect to F(. )t ic, as 
defined e.g. in |SJ Theorem 6.39]. Note that, due to the independence of its increments, the process 
N r , r £ [0,t], is again a normal martingale with respect to the filtration F( r t ]c It follows that the 
Ito (semimartingale) stochastic integral of a square integrable, FV.^ic - predictable process is always 
well defined. For a process u G L 2 (T x fl), whose restriction to [Q,t] is also F(. t io - predictable, we 
will note f Q u s dN s the Ito stochastic integral of u with respect to N, regarded as a cadlag, square 

integrable F(.^]c - martingale on [0, t\. Note that we write f Q instead of JjJ, , because No = 0. The 
following result extends |1U1 Proposition 4.4] to the case of the enlarged filtration F(. ;t ]o. It also 
contains a Clark-Ocone type formula (see e.g. ^B] for the Brownian case) which will be further 
generalized in the next section. 

Proposition 1 Let the above notation prevail and fix t G (0, 1]. Then, 

(i) if the restriction to [0, t] of a process u G L 2 (T x Q) is predictable with respect to the filtration 
¥r. tt ]c, then 

ul[o,t] EDom(S) and 5 (ul[o,t]j = / u s dN s , 

Jo 

where the right-hand side is a stochastic integral in the semimartingale sense; 

(ii) for every ¥ t -measurable functional G G B 1,2 , and for every < s < t, 

G = E (G | F (s . t] c) + 5 (D.G)) = E (G | F (a , t] «) + ^ (D r G) dN r . (21) 

Proof, (i) Fix £ G (0, 1]. We start by considering a process with the form 

u s =g(s)I n (h® n lf^ )u(tA] ), seT, (22) 

where n > 1, /i®" (t x , ...,i n ) = /i(ti) ■ ■ ■ /i(t„), and h, g G L 2 (T). Plainly, itl [0 , t ] G L>om((5). Now 
define, for k = 0, n and s < t 

B k ( s ) = {(*i> — G T™ : k of the i;'s are < s and n - k are > £} . 

Of course, 

n 
k=0 

where, for k = 0, n, 

u k s =g(s)I n (h^l B n {s) ) = (fyg(s)I k (h® k l®* s) )l n _ k {h^~ k l^ k ), 

with Io = 1, the last equality being justified by an application of (7|). Now fix k, and observe that 
the process uj, s G [0,i], is predictable with respect to F(. )t ic so that, on [0, t], the Ito integral of u k 
with respect to N is classically given by 
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On the other hand, the symmetrization in the n+1 variables (tx, i n +i) of the function gl< t ^ (ti) 
x ft®"l Bjf(tl) (i 2 ,..,t n+1 ) is 



n+l 



/„ fc +1 (t 1} t n+1 ) = — j-y £ «?l [0jt] (t<) ^"l^( ti) (tj : J ^ i) , 

i— 1 

and the restriction of f r k l+1 to A n+1 = {(t x , ...,t„ +1 ) e T" +1 : < t x < ... < t n+ i < l} is therefore 
1 



n - 



"Tfl'lp.t] (tk+i) h® n (ti, ...,t k ,t k+2 , tn+i) 1 {t fc+ 2>t} 

= ^fll[0,t] ^ ■»,**) Jl®""* (*fc+2, l {tfc+2>t} , tn+l) S A" +1 

and consequently 



1 r t. 



n 



+i 



t Jt 
t 



x / g{tk+i) 



h® n ~ k (t k+2 , ...,t n+1 )dN tk+2 dN tk+3 ...dN tn+1 x 
r*2 



ft® fc (t 1 ,...t k )dN tl ---dN tk dN tk+1 



L Q3n— fc-i ®n — k 



3 ( S )/ fc (ft® fe lf fe s) ) 



By linearity, for n > 1, the statement is now completely proved for every finite linear combination 
of processes with the form (1221 , and a standard density argument yields the result for every process 
with the form 



v. = I, 



-[0,«)U(t,l] 



s e T, 



where the function g (xi, x n , s) is an element of L 2 (T n+1 ^j and is symmetric in the variables 
(xi,...,x n ). To deal with the general case, suppose that u s = J2 n >o ^ n C 1 " ("> s )) e L 2 (T x Q) 
is F( s t ie - predictable on [0, t]. This implies, in particular, by setting ft^ (s, ti, t n ) = lrg^i (s) 

E™ ! / ds||ft„(-,s)|£ = E" ! / ds IK('< s )|l„ = E n! < + and 



n=0 



n=0 



In (h n (•, s)) — f^n ("j s ) l[o^)|J(i,l] 

Now observe that, thanks to the previous discussion, 



(n + l)! 



h* 



n+l 



E/ n+ i ( ft* 



n > 1, s S [0,t] 



l^n (-,s)|L ds, 



implying 



E (»+*)> ^ „ +1 = E" ! IKII 2 „ +1 < 



-co, 



and therefore wl[o,t] <= -Dom (<5). The conclusion is achieved by standard arguments. 
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(ii) Thanks to |1UI Theorem 4.5], we obtain immediately, for s < t, 

G = E(G|F S ) + J (p) {D r G)dN r 

where ^ (•) indicates the predictable projection operator with respect to F s , s < t. To conclude, it 
is sufficient to use the independence of the increments of N to obtain that, for every s < r < t, 

E(G|F S ) = E(G|F (S)t] c) 

W(A-G) = E(£> r G|F r _) = E(D r G|F M o) = <*>*> (D r G) , 

a.s. - P. ■ 

Remark 2 (i) The arguments used in the proof of Proposition l-(i) are exclusively based on the 
covariance structure of multiple integrals and formula jJ6)) . and they can be directly applied to the 
Brownian case. This implies, for instance, that the Skorohod integral appearing in the statement 
of Proposition A.l in is also a martingale stochastic integral with respect to an independently 
enlarged Brownian filtration. 

(ii) We stress that, for the moment, we require the functional G, in part (ii) of Proposition 
1, to be F t - measurable. In the next section we will show that holds indeed for every G £ D ' . 
For t — 1, Proposition l-(ii) has also been proved in 

Define S* to be the (dense) subset of L 2 (T x f2) and L fc ' 2 , k > 1, composed of processes of 

the type 

N 

v s = ^I„(/„(s,-)), s e T, 

n=Q 

where N < +oo, and, for every n, f n (s, t\, t n ) G S n +i and f n is symmetric in the variables 
(ti,...,t n ). Then, for every v £ §*, a classic characterization of predictable projections (see 
Theorem 6.43]) implies immediately, thanks to formulae (@J and (flfifl - that there exists a jointly 
measurable application <p v 

Q x A 2 i— * K : (uj; s, t) i— > <fi v (w; s, t) 

where A 2 = |(s,t) G [0, l] 2 : < s < t\, such that, for every (s,t) G A 2 , <p v (-;s,t) is a version of 
E [v s | Fr Si t]ol and, a.s. - P, 

^,(•5*,*)= M (v s ). 

In general, due again to Theorem 6.43], for every fixed t £ (0, 1] and every process u 6 L? (T x il), 
the associated predictable projection ( p,t ) (u s ) is such that, for every s £ [0, t], E [u s | Fu t ]c] = 
(u s ), a.s. - P. In the future, when considering the stochastic process E [u. \ Fr.^ic], we will 
implicitly refer to its predictable modification ( p,t ' (u.). For instance, with such a convention, formula 
(|21|l can be unambiguously rewritten as 

G = E (G | F (M] c) + f E [u r | F [r , t]e ] dN r . 

J s 
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3 Forward-backward martingales and approximation of an- 
ticipating integrals 

In this section, we explore the connection between the anticipating integrals of the form l[T]l. and 
a special class of usual Ito integrals. This relation is applied to prove that, just as on the Wiener 
space, anticipating integral processes can be represented as the limit, under a certain norm, of 
linear combinations of products of forward and backward martingales. We start by adapting to the 
Poisson situation some known results on the Wiener space. In particular, we will need the following 
generalized Clark-Ocone formula, which extends Proposition 1 above and is the actual equivalent, 
on the Poisson space, of ^3 Proposition A.l]. 

Proposition 2 Let the notation of the previous section prevail, and let G € O 1,2 . Then, for every 
< s < t < 1, formula \21)) holds. We have also the relation, for s > 0, 

G = E (G | F M „) + j Cp.*) ( Dr G) dN r = E (G | F M „) + 6 ( <»*) (D.G) (•)) (23) 

where M (D r G) dN r = lim QTs /* to,*) (D r G) dN r . 

Proof. First observe that the second equality in (|23|l follows from the V(.,t] c ~ predictability of 
(p,t) (_D.G), and an application of Proposition l-(i). Moreover, thanks to the martingale property 
of stochastic integrals, it is sufficient to prove the statement for s = and t S (0, 1]. We start by 
considering a random variable G S D 1,2 of the form 



G = I n 



(hlf™) x I n (glf^) := Gi x G 2 , n, m > 0, (24) 



where, for n, m > 1, h 6 L 2 S ([0, l] m ), g £ L 2 S ([0, 1]™), and Iq stands for a real constant. Random 
variables such as (|24(l are total in D 1,2 . Moreover, we can apply Proposition 1 to Gi and obtain, 
thanks to the stochastic independence between F t c and F t and by (|15J) 

G = Go x 



E (Gi |F t c)+ f <*>>*) (Drd) dN T 
Jo 

= E (G I Ffc) + f G 2 x to,t) (p r G x ) dN r 
Jo 

= E (G | F t c) + f to,t) (G2 x DrGi) d ^ r . 
Jo 



Note that the last equality comes from Corollary 6.44] and from the fact that G 2 is F t c measurable, 
implying that the (constant) application r > G 2 , r € [0, t], can be interpreted as a F( r t ]c - predictable 
process. Finally, we observe that © and fTH|l imply that 

G 2 x Z? r Gi = D r G, for every r G [0, t] , 

so that, by linearity, (|21J) is completely proved for every finite linear combination of random variables 
such as Q24[l. Now suppose that a certain sequence G 1 -™' € D 1,2 enjoys property (|21|l and that G 1 -"* 1 
converges to G in D 1 - 2 as n goes to +oo. Then, E (G^ | F t c) — > E (G | F t c) in L 2 (P), and moreover 
the relation 

(£) r H) = E [D r ff | F M .] , 



10 



true for every fixed r € [0,t] and every H £ ED 1 ' 2 , implies immediately, thanks to Jensen inequality 
and the isometric properties of Ito integrals, 



E 



(L> r G (n) ) - fet) (D r G) 



dN r 



E 



fet) [D r [G {n) - G 



dr 



< E / [D r [G {n) -G) ) dr^O, 



and therefore 



G = E(G \ Ftc) 



(p,t) 



(D r G) dN r . 



To obtain (|21ll . use the totality in O 1,2 of random variables such as 124|) . Eventually, to prove (|23|l 
just write, for e > 0, 



G = E (G | F (a _ e ,t; 



(p.*) 



(D r G) dN r 



so that, by letting e J. 0, the conclusion follows from the fact that the paths of Ito stochastic integrals 
(with respect to N) are cadlag, as well as relation l|2(J[l and a standard martingale argument. ■ 



Remark 3 Proposition 2 can also be proved along the same lines of the proof of \lcll Proposition 
A.l]. Suppose indeed that G admits the chaotic decomposition 

G=J2 I m(g m ), g m £L 2 s (T m ). 

m>0 

Then, by and \T@j), D r G = E m >i m ^-i(Sm(-i'')) and 

E (D r G | F M c) = ]T m/ m _! ( 5m (-,r)l® ( ™- 1) ) . 

m> 1 

Since the symmetrization in the m variables r, ti, . . . , i m _i of the function l[ 3 ,t] ( r )l|w™ 1 ' ) (*i , ■ ■ ■ , t m -l) 
is given by where A m = U£Li{(*i) ••• ) *m) € T m , £j e we get 

,5(l M (-)E(^.G|F ht]c )) = ^/ m ( 5m lA m ) 

m>l 

= ^ Im(dm) — ^ ^m(5mlA^,) 
m>0 m>0 

= G-E(G|F [s . t] c). 

TTie discussion of Paragraph 2.2 can be used to interpret the Skorohod integral on the left side as an 
ltd integral of a predictable process. 



The next Proposition shows that every indefinite anticipative integral L u s SN s can be 
written, at fixed t 6 [0, 1], as an Ito-Skorohod integral with the form j' E (w s | Fujio) dN s where w 
can be explicitly given in terms of u. 
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Proposition 3 Let X be a Skorohod integral process X t — 5(ul[Q -t \), t E [0, 1], with u E h k:2 , k > 3. 
Then, there exists a unique process w E L fc ~ 2,2 , independent of t, such that, for every fixed t, 

X t = [ E (to. | F M c) d7V s = 5 (E (to. | F ht] .) l [0 ,f] (0) , a-s.-P. (25) 
Jo 

Proof. By applying the Clark-Ocone type formula (12; j|) to the integrand u we can write 
X t = I u s dN s 



o 



= J E ( Us | F [Sit]c ) d7V s +J(J^E (D r u s | F [r , t] .) <W r ^ 5iV s . 

Using a Fubini type theorem (that we can argue exactly as in |15j , by using working on the chaotic 
expansions) we can interchange the two Skorohod integrals appearing in the second term to obtain 
that 

X t = J E (u 3 | F [S;t] c) dN s + J Qf E (D r u s | F [Pit] .) SN^j SN r 
= J E («, | F M o) dN s + ^ E Qf D P u a dJV, | F [r , t] „) oW r 



E (to s | F [Sit] c) dN s 

where we used Proposition l-(i) as well as the fact that the increments of the Poisson process are 
independent and we adopted the notation 

w s := u s + <y(D s u.l[o, s ](-)) := u s + v s . (26) 

Let us show that the process to introduced in l|26[l belongs to L fe_2 ' 2 . It suffices indeed to prove that 
v E L fc ~ 2 ' 2 . Thanks to the inequality (|llf> and formula l|14fl . we can write 

|M| 2 , 2 = e/ S(D s ul [0M ) 2 ds + E f f (D a 5{D s ul [0A )f dsda 
Jo Jo Jo 

pi. pi. pi pi pi 

< 2E / / (D r u s ) 2 drds + E / / / (D a D r u s ) 2 dsdrda 

Jo Jo Jo Jo Jo 

+E ( ( S(D a D s ul [0tS] ) 2 dsda 
Jo Jo 

/"l /" 1 PL pL pi 

< 2E / / {D r u s ) 2 drds + 2E / / / (D a D r u s ) 2 dsdrda 

Jo Jo Jo Jo Jo 

+E / ( [ ( (DpD a D s u r ) 2 drdsdadl3 < +oo, 
Jo Jo Jo Jo 

since u E L 3 ' 2 . In general, it can be similarly proved that 

\Ht-2,2<Ck\\v\\l 2 , k>3, 
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where Ck is a positive constant depending exclusively on k. Concerning the uniqueness, let us 
suppose that there exists another process w' G L fc - 2 ' 2 such that X t = /„ E (w' s | F [Sit] c) d/V s . Then, 
if z s = u; s -w)j, we get 

rt 

E (z, | F M o) dN s = 



and therefore, for every t G (0, 1], 



/ E[E (z s | F [s . t]c )] 2 d s = 0. 
Jo 



Let us assume that z has the chaotic expression z s = X)m>o Im(gm{ m , s)) where g m G L 2 (T m+1 ); 
note that, for to > 2, the function g m (si, ...,s m ,s) can be taken to be symmetric in the variables 
(si, s m ). The above condition ensures that 

y~] / / ••■/ ffm(si,...,s m ,s)rfsi...rfs m ds = 

m>0 J ° \ J M C J M C / 



and thus 

,2 



ej m (si, . . . ,s m , s)ds 1 . . . ds m = 

[8,t]° J[s,t]° 

for every to > and for almost every s £ [0,t]. By letting s — > t we get that <7 m (■) = almost 
everywhere on T m+1 and the conclusion is obtained. H 



Remark 4 (i) We claim that it is possible to prove a converse to Proposition 3. More precisely, as 
in ]2df. we can show that if, for a fixed t, Y t — J E (w s \ Fr s _ t jc) dN s with w £ L 1,2 , f/ien t/iere exists 
u E Dom(5) such that Y t — f*u s SN s . The proof would use an analogue of the characterization of 
Skorohod integrals stated in Proposition 2.1. of \ 11J/ for the Wiener case; one can prove a similar 
characterization in the Poisson context, by following the same line of reasoning as in ]11Y Proposition 
2.1]. This point will be discussed in a separate paper. 

(ii) A question that is not likely to be answered as easily as in the Wiener case (see ]2t^). is 
when a Skorohod integral X t as in 0) and an Ito-Skorohod integral such as Y t = J Q E (w s \ Fj Si t]c) dN s 
are indistinguishable as stochastic processes, and not only reciprocal modifications. This is not im- 
mediate to answer since, on the Poisson space, we do not know any sufficiently general criterion, 
ensuring that an anticipating integral admits a (right) -continuous version. Nevertheless, as shown in 
the following example, one can sometimes apply classical results from the general theory of stochastic 
processes. 

Example (Indefinite integrals that are indistinguishable from Ito-Skorohod processes). Let 
the process X t , t G [0, 1], be defined as in Q, and assume that the integrand u and all its Malliavin 
derivatives D u are bounded by a deterministic constant, uniformly on T k x fi. Then, the assump- 
tions of Proposition 3 are verified, and we immediately deduce the existence of an Ito -Skorohod 
integral with the form Y t — J Q E (w s | F[ S)t ic) dN s , t G [0, 1], such that X and Y are modifications. 
We claim that, in this setting, X and Y also admit two indistinguishable cadlag modifications. Re- 
call indeed the following classic criterion (see [S| Ch. Ill, Section 4]): if Z is a stochastic process 
such that for some p > 1 and (3 > 0, 

E \(Z t+h - Z t ){Z t - Z t _ h )\ p < C(p) x h 1+l3 , (27) 
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where C(p) is a positive constant, then Z admits a cadlag modification. Note that if Z' is a 
modification of Z, and Z satisfies ()27Jl . then 1|27|1 must also hold for Z'. We shall prove Ij27(l for 
Z = X. To this end, note Ih+ = [t,t + h] and Ih- = [t — h,t], so that, under the above assumptions 
and by JUJ, 

E \(X t+h - X t )(X t ~ X t ^ h )\ 2 = E (<5(«l Jh+ )*(«l Ih+ )(y(til /fc J 2 ) 

= E jf Us £ s [tf(ul /fc+ )5(t*li h _ ) 2 ] ds = E ^ jf Us [l>.*(ulj h+ )] dsj <5( U l/ h _ ) 2 

+E ^ jf u s [D s 8(ul Ih _ ) 2 ] ds^J $(ul J)l+ ) + E ^ jf u s [£>,<y(«l /M . )] [X>.*(«lj fc _ ) 2 ] ds^J 
:=A + B + C. 

By formula Ijl4(l . the first summand above can be decomposed as follows 

A = E/ u a [u a l A+ (s) + 5(D s ul/, + )]<fs :=Ai + ^ 2 . 

We need only show how to handle , and similar techniques can be used to deal with the remaining 
terms A2, B and C. Indeed, we can write 

Ai = ES(ul Ih _) 2 / u 2 s ds < est x /iE(5(ul /h J 2 < est x h 2 
J i h + 

since, by (fTT|) . 

E<5(ul/ ft _) 2 < E / w 2 ds + / / (D s u a ) 2 dsda < est x h 
Ji h - Jl h - Ji h - 

because u and its derivative are assumed to be uniformly bounded. Since (|27|) is also true for Z = Y, 
we deduce that there exist two processes X' and Y' such that X' is a cadlag modification of X and 
Y' is a cadlag modification of Y . We can now apply a classic argument (see for instance j2Hl Theorem 
2, p. 4]), to deduce that X' and Y' are also indistinguishable. ■ 

Let us recall some notation taken from By Lq(P) we denote the set of zero mean 

square integrable random variables. We will write BF for the class of stochastic processes that can 
be expressed as finite linear combinations of processes of the type 

Z t = E {Hi I F t ) x E (H 2 I F t c) = M t x M[ 

where H\ 6 £q(P) and i?2 € £ 2 (P). Plainly, A/ is a martingale with respect to F t and M' is a 
backward martingale. By backward martingale we mean that M' t is in L 1 (P) and F t c - measurable 
for every t, and E (M a | F t c) = M[ for any s < t; see e.g. |2l) . 

We give a counterpart of Lemma 2 in ^Sj. The proof needs a slightly different argument. 

Lemma 1 Let A\, A2 be two disjoint Borel subsets of [0, 1] and assume that F is a random variable 
in D fe ' 2 , k > 1, such that F is measurable with respect to the a-algebra ¥a ± VF,4 2 . Then, F is the 
limit in B fe ' 2 of linear combinations of smooth random variables of the type 

G = Gi x G 2 , (28) 

where, for i — 1,2, Gi is a polynomial, F^ ; - measurable functional. 
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Proof. Suppose first that F is a simple functional of the form 

F = N(h l )...N(h n ) (29) 

where n > 1 and hi G L 2 (T), i = 1, ...,n. Then, the conclusion can be obtained exactly as in Lemma 
2 of by using twice formula (|lfc>|) . The next step is to consider i 7, = I n (f) with / G L 2 (T n ). 
In this case, by the above discussed definition of the multiple integral I n , F is the limit in ED' ' 2 of 
random variables F^ as in 129|) . Let us denote by p m< k a sequence of linear combinations of product 
(|28|l such that p m ,k — * -F& in ID> fe ' 2 as to — > oo. Clearly, 

-Pm,fe||fe,2 < \F - ■ffc|U,2 + || -Fife -Pm,fc||fc,a 

and this goes to zero when to, fc — ► oo. Eventually, take the general case F — X) m >o^ m (/ m ) 
where f m G L 2 (T n ) are symmetric functions. The conclusion will follow if we prove that F can be 
approximated in D fc ' 2 by a sequence F w of random variables with finite chaotic expansion and this 
is trivial if we put F N = J2n=o N^n(fn)- See also Proposition 1.2.1 in f° r further details. ■ 

Remark 5 Recall the relation between multiple integrals and Charlier polynomials stated in for- 
mula {??[)■ Then, by inspection of the proof of Lemma 1 (which partially follows that of Lemma 
2 in Mttf ). and thanks to the multiplication formula Q), it is clear that if F = L n (f) (G O fe ' 2 ,) ; 
then F can be approximated in IQ) fe ' 2 by linear combinations of random variables with the form 

C n (tk+i — tk, N tk+1 — N tk ^j where < tk < tk+1 < 1, and C n is the nth Charlier polynomial. 
Therefore, the random variables Gi, i = 1,2, appearing in the proof of Lemma 1 can be chosen as 
polynomial functionals of degrees di, i = 1, 2, such that d\ + c?2 < n. 



We shall also introduce the following quadratic variation (in mean) of a given measurable 
process {X t : t G T} such that EJ t 2 < +oo for every t: 



n-l 



V(X) =su P E^(X ti+1 -X t 
where it runs over all partitions of T = [0, 1], with the form = to < t\ < . . . < t n = 1. 

We state the main result of this section. 

Theorem 1 Let X be a Skorohod integral process X t = S(ulm t t\) with u G L fe,2 ; fc > 3. Then there 
exists a sequence of processes (Zj r ') tg [ .i] , r > 1 such that 

Z {r) G BF for every r > 1 (30) 

and 

lim v(x- Z^ r) ) = 0. (31) 



Proof. Remark first that V(X) < oo by Proposition 1 in 27 . We will use the Ito- 
Skorohod representation of X t — f Q E (w s \ F[ Si4 ]o) dN s with w given by l|26|l . For n > 1 and a 
partition 7r = {0 = to < ... < t„ =1}, we introduce the approximation of w 



n-l - / -t i+1 \ n-l 

"f = E t . / |F [t<it4+l] .)da) l (ttlM (t) := ^ ^l^.^jC*), te [0,1]. 

(32) 
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Since w 6 L 1,2 then G L 1,2 and ui 1 converges to w in L 1,2 as \ir\ — > (see |27], and also f° r 
the Gaussian case). Note that the random variables Fi, i = 0, n, appearing in are measurable 
with respect to F[ t4)ti+1 ]c. We also set, for n as above, 

17 = 5 (E (w? | F[. >t] o) l [0 , t] ) = / E « | F M o) dA>„ t G T. 

Jo 

Using properties (|16|) . (|17|l and Ijl5(l of Poisson Skorohod integrals we therefore deduce 

n— l „t 

y " = E/ | F[ g)t ]c) <5^V S (33) 

i=0 Jo 
n—l pt 

= E/ 1 (t 1 ,« I +i]( s ) E ( F * I F [t l ,t.+ivt]<=) SN S 
i=o Jo 

n-1 

= J2 E I F (t^. +1 vt]0 (^tAt 4+1 ~ iV ti ) l (t > ti) ; 

i=0 

note, in particular, that the last equality in (|33fl derives from an application of formula l|15fl . where 
the last two terms vanish thanks to l|17|) (alternatively, one can also use Proposition l-(i)). This is 
all we need to conclude the proof of Theorem 1. As a matter of fact, as in |181 proof of Theorem 
1], we can now use Lemma 1 to prove that Y v (and hence X) can be approximated, in the sense of 
formula by a sequence of processes Z^ satisfying (|3*U)l . ■ 

We state a converse result to Theorem 1; the arguments of ^1 Theorem 4] apply, and the 
proof is therefore omitted. It shows that the "F-norm" is somewhat complete. 

Theorem 2 Let G BF, n > 1 be such that 7(2 (n) ) < oo and Z^ is a Cauchy sequence in 
the V -norm, in the sense that 

lim V (z {n) - Z {m A = 0. 

n,m — >oo V / 

Then, there exists a Skorohod integral process X with V(X) < oo such that 

lim V (z (n) - X) = 0. 

4 On the stochastic calculus for anticipating integrals on the 
Poisson space 

In the previous Section we have seen that, for every fixed t G [0, 1], the Skorohod integral Xt = 
L u s SN s is equal to the Ito-Skorohod integral Y t = L E (w s | F[ S) t]c) dN s . As seen in Section 2, the 
last random variable is the Ito integral of the predictable process E (w. | Fr. )t icJ, with respect to the 
F(. jic - martingale N.. As such, it is an isometry, in the sense that 

eQT E (w s I F [S)t ]c) dN s ^j =eJ^ E( Ws |F [m] c) 2 ds 



1G 



(this can be also derived from formula i|13|) ). and can moreover be approximated by a sequence of 
martingales. Define indeed 

Y t x := / E (w s | F M c) dN s = S (l M (■) E (w. | F M] .)) . (34) 
Jo 

Then, for every fixed t £ [0, 1], the process {Y t x : < A < is a martingale with respect to the 
filtration F(>, t ]c, A < t, and it holds that Yf — Y t , and for any A < t, 

E|F t A -F t | 2 = E|$(l (Xit] (.)E(u;. |F ht]c ))| 2 
pt 

= Ej E(w s \¥ [s ^) 2 ds 

which goes to as A — > t by the dominated convergence theorem. As a consequence, the Y x 
converges in L 2 (P) to Y t as A — * t and, by a standard martingale convergence theorem (see e.g. 
Problem 3.20 in [5]), the convergence holds a.s. - P. This fact allows us to introduce a stochastic 
calculus of ltd type for the Ito-Skorohod integral Y t (and hence for indefinite Skorohod integrals 
X t ). The main idea is to use the tools of the stochastic calculus for the martingale Y x and to let 
A — > t. We obtain in this way a change of variable formula for the indefinite integral processes; this 
seems quite interesting since, as far as we know, there is no Ito formula a la Nualart-Pardoux \Y6\ for 
anticipating integrals in the Poisson case. We also derive a Burkholder-type bound for the L p -norm 
of a Skorohod integral. 

Proposition 4 (ltd 's formula ) Let f 6 C 2 (R) , fixt e T, and defineY t = S (E (w. | F[. it ]c) l[ ,t] (•)), 
where w G L 2 (fl x T). Then it holds that 

f(Y t ) = /(0)+ f f{Y t s -)E{w s \¥ M o)dN s (35) 
Jo 

+ \J* f"(Yr)E(w s \W M c) 2 d S 

+ E {f(Y t s )-f(Yn-f'(YD(Y t s -Yr)) 

0<s<t 

where Y t s ~ — lim Q ^ S Q<s Y t a . In particular, let X t — JqU s 5N s , t 6 T, where u £ L fc:2 , fc > 3, and 
let w be the process appearing in Proposition 3, formula I25j) : then, for every t £ T, f (X t ) equals 
the right-hand side of J^35)) . 

Proof. Fix t G (0, 1], and consider the process 

~ A f y t A if a < * 

* \ y t if t < a < +oo 

as well as the family of cr-fields 

x \ F x if t < A < +cx) 



17 



then, the application A — > Y t x defines a square integrable cadlag martingale with respect to the 



filtration F^, A > 0. Moreover, 



Y t x = f E (w s | F M «) l (s < t) dN s and 
Jo 

I ~ \ rtl\\ 

Jt,Y t ) x = I E(w a |F [M]c ) 2 d s . 
We can therefore apply Ito's formula (see e.g. Theorem 32, p. 71) at A = t to obtain 

/(?/) = / (r t ) = /(o) + / /'(y t -)E K | f m „) div s 



+ / /"(yr)E( Ws |F [s , t]c ) z d s 

Jo 

+ E (/(?/) -/(?r)-/'(?r 

0<s<t 

/(0)+ [ X f(YDE(w s \F [a , t] c)dN a 



/"(r)E(» s |F [S!t]c ) 2 d S 
+ E (/(^)-/(^ s -)-m s -)(^-^r)) 



0<s<t 



by the definition of Y. 



We now show that Proposition 4 can be applied to write a change of variables formula for 
stochastic processes that are representable as the product of a martingale and a backward martingale. 

Proposition 5 Let M (resp. M' ) be a martingale (resp. a backward martingale) with respect to the 
filtration {F t : t G T}, and suppose moreover that Mi S B 1 ' 2 , E (Mo) — and 

E (^J [a s M' s fds \ < +oo, 

where a r — E (D r M\ | F r _) . Then, for every f S C 2 (K) we have 

f{M t M' t ) = /(0)+ / f{M s -M' t )M' t a s dN a 
1 '* 



+i / f"{M s .M' t ){M' t ) 2 a 2 s d S 



+ E [/(M g M t ') - /(Af g _M t ') - f l {M a _M' t )M l t {M e - M._)] 



0<s<* 
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Proof. Remark that a product M t M' t is a Ito-Skorohod integral. Indeed, by a standard 
Clark-Ocone formula (see ^3 Theorem 4.5]) 



M t = E (Mi | F t ) = / E (D r Mi | F r _) dN r 
Jo 



and using (jlBfl and Ijl7|l . it holds that 



rt ft 
M t M' t = M' t I a s dN s = / a s M' t dN s 



>o Jo 

e t p t 



= f a s E (M' s | F M c) dN s = f E (a s M^ | F [a , t] .) d7V s 
Jo Jo 

By applying Proposition 4, we obtain 

M t Ml = /(Q) + / /'(Z/- )E (a.Mj | F [M] .) <*JV S 
Jo 

f"(Zr)-E(a.M'. |F M]c ) 2 ds 
£ (/(ZJ) - /(ZD - f'(Y t s ~) {zt - z' t -)) 



1 <> 

''2 



0<s<t 



where Z t A = E (a s M' s | F[ s . t ]c) rfiV s . The conclusion follows, since for every A < t, we can write 

Z t A = E fjf E (a s M^ I F[. )A] .) d# s | F [A , t] ^ 
= E (M A M A | F [A)t] .) = M A _M t '. 

and 

Zf - = limZ t Q ~ = M t 'M s _. 



Here is a more particular situation. 
Corollary 1 /// 6 C 2 (R), we /iai;e /or every (eT 

f(N t (Ni-Nt)) = f(fl) + (Ni-Nt) f f (n s -(Nx - N t )) 



dN s 



+ -(N 1 - N t f jf f (Ns-im - ds 

0<s<t<l 

-f (Ns-iNx - N t j) (Ni - N t ){N s - N s .) . 
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Proof. Apply Proposition 5 with M t = N t , M' t =N\-N t and a = 1. 



We conclude this section by proving a class of Burkholder type inequalities. These could an 
useful tool to bound the L p -norms of anticipating integrals, since on the Poisson space there are no 
analogous of Meyer's inequalities (see ^2) proved for the operators D and 5 as defined in Section 2. 

Proposition 6 (Burkholder inequalities) If Y t = J* E (w s | ¥[ s ^c)dN s with w G L 2 (T x ft), 
then, for every p > 1 there exist two universal constants K\ (p) > and Ki (p) > such that 

tfi(p)E (f*(E(w. \V [s ,t]°)) 2 d[N] s y <E|y t | p <^ 2 (p)E (EK |F M c)) 2 d[A>] 

where [N]t — N t . In particular, let X t = f^u s SN s , t S T, where u £ L fe ' 2 , fc > 3, and fei io 6e £/ie 
process defined in formula $25\) : then, for every t £ T, 

#l(p)E (jf (E ( Ws | F M]C )) 2 d[A>] s ) 2 < E \X t f < K 2 (p)E (J (E («, | F M]C )) 2 d[A>].. 

Proof. We have, by classical Burkholder inequalities for jump processes (see e.g. |2,'il 
Theorem 541) 



V\Y t \ p < EsuplY, 



\<t 



< K 2 (p)v(^j\v(w s \F [s ^)j 2 d[N] 

< K 2 (p)E^ (E(« a |F [M] e)) 2 d[A>] s 



For the lower bound, we write 



E \Y t \ p = E Urn \Y t x \ P = lim E \Y t x \ P 



> lim^(p)E | (E( Ws |F Mc )) 2 d[iV] s =E^ (E( Ws |F [s . f] e)) 2 d[A>] ; 
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